We consider the family of lines that are area bisectors of a polygon (possibly with holes) in the plane. We say that two bisectors of a polygon P are combinatorially distinct if they induce di erent partitionings of the vertices of P . We derive an algebraic characterization of area bisectors. We then show that there are simple polygons with n vertices that have (n 2 ) combinatorially distinct area bisectors (matching the obvious upper bound), and present an output-sensitive algorithm for computing an explicit representation of all the bisectors of a given polygon. Our study is motivated by the development of novel, exible feeding devices for parts positioning and orienting. The question of determining all the bisectors of polygonal parts arises in connection with the development of e cient part positioning strategies when using these devices.
Abstract
We consider the family of lines that are area bisectors of a polygon (possibly with holes) in the plane. We say that two bisectors of a polygon P are combinatorially distinct if they induce di erent partitionings of the vertices of P . We derive an algebraic characterization of area bisectors. We then show that there are simple polygons with n vertices that have (n 2 ) combinatorially distinct area bisectors (matching the obvious upper bound), and present an output-sensitive algorithm for computing an explicit representation of all the bisectors of a given polygon. Our study is motivated by the development of novel, exible feeding devices for parts positioning and orienting. The question of determining all the bisectors of polygonal parts arises in connection with the development of e cient part positioning strategies when using these devices.
Background and Summary of Results Let P be a polygon in the plane, possibly with holes, and having n vertices in total. We denote by V the set of vertices of P . For a directed line in the plane, we denote by h l ( ) (resp. hr( )) the open half-plane bounded by on the left-(resp. right-) hand-side of . The line is an area bisector of P if the area of P \h l ( ) is equal to the area of P \hr( ).
A line partitions V into three sets (two of which may be empty): V \ h l ( ), V \ , and V \ hr( ). We say that two area bisectors of P are combinatorially distinct if the partitioning of V as above induced by the two bisectors is Work on this paper by K. di erent. We say that two area bisectors of P are combinatorially equivalent if they induce the same partitioning of V .
We assume that the polygon P is connected, and nondegenerate in the sense that its interior is connected.
If instead of a polygon we take a set of n points, we can ask how many combinatorially distinct halving lines there are, namely, instead of equating the area on the two sides of a line we now wish to equate the cardinality of the subsets on either side of the line. This is the well-known k-set problem (for k = n 2 ) that has been extensively studied in discrete geometry 8]. The best bounds known to-date for this problem are the recently obtained upper bound O(n 4=3
) 5] and a lower bound (n log n) 9 ]. An obvious upper bound on the number of distinct area bisectors of a polygon with n vertices is O(n 2 ). In this paper we show that a polygon with n vertices can have (n 2 ) distinct area bisectors. (Note that the polygon in our construction is simple. ) We devise an output-sensitive algorithm for computing an explicit representation of all the area bisectors of a given polygon. In our analysis we give a more re ned distinction between area bisectors (than the distinction by the partitioning of V ). We order the area bisectors by slope in the range ? =2; =2), and partition the range into maximal connected intervals with bisectors of the same combinatorial equivalence class. We denote by = (P ) the number of such slope intervals for a polygon P , and by (n) the maximum number of such slope intervals over all non-degenerate polygons with n vertices. We denote by K = K(P ) the number of combinatorially distinct area bisectors of a polygon P , and by K(n) the maximum number of combinatorially distinct area bisectors over all non-degenerate polygons with n vertices. It is clear that (n) K(n); we show that there are polygons for which (P ) > K(P ).
It is convenient to consider the problem at a dual setting as well. The bisector curve is de ned in a plane dual to the plane containing the polygon: is the union of points dual to area bisectors. We show that is x-monotone in the dual plane (where the x-coordinate corresponds to the slope of the bisector) and that it is a continuous piece-wise algebraic curve. Each maximal piece b of that is de ned by the same function describes a contiguous (in slope) set of bisectors that cross the same set of edges of the polygon P , the endpoints of b correspond to bisectors that contain a vertex of P , and any bisector described by an interior point of b does not contain any vertex of P . Hence, (P ) denotes the number of maximal algebraic pieces of for a polygon P .
A c-oriented polygon is a polygon all whose edges are parallel to exactly c directions, where c is a xed constant. For a c-oriented polygon with n vertices, our algorithm for computing an explicit representation of the bisectors by determining the pieces of the curve runs in time O((n + ) log 2 n).
For a general non-degenerate polygon having n vertices the algorithm runs in time O((n + ) log 2 n + (n + ) (n) (t)). Here and throughout the paper, ( ) denotes the extremely slowly growing functional inverse of Ackermann's function, t denotes the maximum number of distinct slopes of edges of P intersected by any line, and (j) denotes the time required to nd the roots of a polynomial equation of degree j.
Our algorithm proceeds by constructing the zone of the curve in an arrangement of lines in a plane dual to the plane of the polygon. An arrangement A(L) of a set L of lines is the subdivision of the plane induced by L into vertices, edges, and faces 8]. The zone of a curve in an arrangement of lines is the collection of faces of the arrangement crossed by the curve 10]. In our case the equations de ning the curve depend on the face of the arrangement that crosses, that is, these equations change from face to face. Hence, we could not use ready-made algorithms for computing the zone of since the algorithms we are aware of assume that the curve for which the zone is computed is known in advance.
Area bisectors were considered by D az and O' Rourke 6, 7] . However, their focus is on the continuous version of the Ham-sandwich cut problem, and of a problem they introduce of orthogonal four-sections; see 6, 7] for more details.
Our study is motivated by the development of novel, exible feeding devices for parts positioning and orienting. These devices are based on the principle of programmable force elds 3]. They often exploit exotic actuation technologies such as MEMS (micro electro mechanical system) actuator arrays 4] or transversely vibrating plates 2] to generate controllable planar elds of 2d force vectors. When a part is placed on these devices, the programmed vector eld induces a force and moment upon it. Over time, the part may come to rest in a dynamic equilibrium state. By chaining together sequences of vector elds, the equilibria may be cascaded to obtain a desired nal state|for example, this state may represent a unique orientation or pose of the part. Figure 1 shows a strategy for manipulating a part to a unique orientation equilibrium (up to symmetry), using a sequence of squeeze elds.
A squeeze eld is de ned as a force vector eld that, at each point, has a unit force vector pointing perpendicularly towards a common squeeze line. Such a eld can be implemented for example by a MEMS actuator array, by making all the actuators push in the appropriate direction. In order to be in equilibrium, the forces and moments acting on a part must balance. Force equilibrium, under reasonable assumptions detailed in 3], is equivalent to the following: the squeeze line must be an area bisector of the polygon. Similarly, moment equilibrium requires that the centers of area of the left and right part sections lie on a line perpendicular to the bisector. Currently, our algorithm for equilibrium analysis requires the explicit identi cation of all the area bisectors of a part. The resulting manipulation plans depend on the number of distinct bisectors, motivating the problems discussed in this paper. For more details see 1, 3, 4] .
A preliminary and abridged version of the paper appeared in proc. 13th ACM Symp. on Computational Geometry, Nice, 1997, pp. 457{459. The full version of the paper can be obtained from:
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